The Laplace transform approach with convolution theorem is used to find the scattering phase shifts of a Mie-type potential. The normalized scattering wave functions are also studied. The bound state spectrum and the corresponding normalized wave functions are obtained with the help of the analytical properties of the scattering amplitude.
I. INTRODUCTION
The theory within quantum mechanics plays an important role because it allows to predict experimental observations ruled by theory. Particularly, the scattering phase shifts are needed for a detailed analyse of interactions [1] . Among the computations of phase shifts for real potentials, the same subject has been also studied for potentials having complex form [1, 2] . One of these complex potentials has been proposed in Ref. [3] as an attractive Coulomb plus inverse-square potential with an imaginare constant and complex phase shifts of the potential have been calculated in literature [1, 4] . This potential has a form of the Mie-type potential
which has been received a great attention in literature [5, references therein]. Arda and Sever have studied the bound state spectrum and the corresponding wave functions for this form of the potential by using the Laplace transform approach (LTA) [5] . ] is obtained by setting the parameters as a 1 = D e r 2 e , a 2 = −2D e r e , and a 3 = D e [6] . Here D e is the interaction energy between two atoms in a molecular system at equilibrium distance r 0 . The potential in (1) serves also as a shifted, attractive Coulomb potential if we set a 1 = 0. In the present work, we extend the work for the case where the scattering phase shifts and normalized scattering wave functions will be studied by applying the same approach.
The present paper is arranged as follows. In Section 2, we collect the required points within LTA and give the convolution theorem briefly. In Section 3, we apply the above approach to find the exact scattering states and phase shifts of the Mie-type potential. We find also the normalized scattering wave functions. In Section 4, we study the analytical properties of the scattering amplitude, and find the energy eigenvalues with the help of it's poles. We write also the corresponding normalized wave functions of the bound states. We briefly discuss the similarity of the bounded results appearing in the non-relativistic Coulomb problem because of the existence of the Laplace-Runge-Lenz vector. We compare the radial form of the Schrödinger equation for the Mie-type potential with the Klein-Gordon equation for the charged particle in an external Coulomb field where the Sommerfeld parameter becomes slightly different. Finally, we give the conclusions in last Section.
II. LAPLACE TRANSFORM APPROACH AND CONVOLUTION THEOREM
Let us write a brief definition of the Laplace transform and collect a few of it's properties [7, 8] . The Laplace transform of a function f (z) is given by
If there is some constant σ ∈ R such that |e −σz f (z)| ≤ M for sufficiently large z, the integral in Eq. (2) will exist for Re s > σ . The Laplace transform may fail to exist because of a sufficiently strong singularity in the function f (z) as z → 0 . In particular
where Γ(α) is Gamma function. The followings are written for the Laplace transform of
where the superscript (n) denotes the n-th derivative with respect to z for f (n) (z), and with respect to s for F (n) (s).
The convolution theorem is related with inverse transform, and if we have two transformed function g(s) = L {G(z)} and h(s) = L {H(z)}, then the product of theme is the Laplace transform of the convolution (G * H)(z)
So the convolution theorem gives
and accordingly
If we substitute w = z − τ , then we find the important consequence G * H = H * G.
Lastly, the following equalities for inverse Laplace transform which will be used in below are required for the computation [7, 8] 
where a, b, and β are some constant parameters.
III. EXACT SCATTERING STATES AND PHASE SHIFTS
In spherical coordinates (r, θ, φ), the Schrödinger equation with energy E is given by (e = = m = 1)
where the wave function Ψ(r, θ, φ) for a spherical symmetric potential is written as
with the spherical harmonics Y (θ, φ). By inserting the potential in (1) into Eq. (9), we obtain
where ε 2 = 2(E − a 3 ), and ℓ is the orbital angular momentum quantum number. Here it is interesting to note down that the above radial equation is equivalent to the stationary Klein-Gordon equation for charged particle in external Coulomb potential. Let us verify the point very briefly in usual convention of unit. The K-G particle of mass m within the interaction of electromagnetic field is written as
where A and V represent the vector and scalar potential of the field respectively. c, e are the velocity of light and charge of electron. For Coulomb potential A = 0 and eV = − i.e potentials are time independent. So letting the solution as Ψ( x, t) = u( x)e −iEt we can as
Taking natural unit (for mathematical convenience) we can say that equation is clearly similar to the Eq.(10). Now proceeding further to the our problem we know that the boundary conditions on the solutions of Eq. (10) is R(r → 0) = 0, and R(r → ∞) is a finite value.
Following the above boundary condition, we use the predetermined ansatz for the wave functions R(r) = Nr
where i = √ −1 . Substituting it into Eq. (10), and using a new variable as z = −2iεr, we have
with
Using the LTA defined in Eq. (2) turns Eq. (12) to following first-order differential equation
for which the solution can be written as
where N is a normalization constant obtained below. In order to find the solutions of Eq.
(12), we use Eqs. (7)- (8), and write
With the help of the following formula [9] 
and the property satisfying by the confluent hypergeometric functions 1 F 1 (p; q; z) as
, we write the scattering state wave functions for Mie-type potential as
We are now in a position to study the asymptotic form of the above expression, and find the normalization constant and phase shifts. The asymptotic form of the confluent hypergeometric function for |z| → ∞ [9] is
where the upper sign in second term corresponds to −π/2 < argz < 3π/2, while the other sign corresponds to −3π/2 < argz < π/2. The last equality is written for z = −2iεr = |z|e −iπ/2 as
With the help of this equation, the confluent hypergeometric function in Eq. (17) is given
If writing Γ(−A + 1/2 − ia 2 /ε) = |Γ(−A + 1/2 − ia 2 /ε)|e iδ ′ then we have Γ(−A + 1/2 + ia 2 /ε) = |Γ(−A + 1/2 − ia 2 /ε)|e −iδ ′ with a real number δ ′ which will correspond to phase shift. By using these equalities, we obtain from Eq. (20)
Finally, by substituting Eq. (21) into Eq. (17), we get from Eq. (11) , where by definition it is the situation of the collision of two particles with respective masses m 1 and m 2 and charges Z 1 e and Z 2 e at a positive energy E. v = k/µ is the relative velocity of the particles in the centre of mass frame. The wave number is defined as k = 
The wave function for the scattering states is written
then the radial wave functions of scattering states for Coulomb potential in non-relativistic case are normalized on the "k/2π" scale [10, 11] . Here δ represents phase shifts. Comparing
Eq. (22) with Eq. (23) gives us the normalization constant of scattering states
and the phase shifts
Inserting Eq. (24) into Eq. (11), we obtain the normalized wave functions of scattering states as
We study the analytical properties of the scattering amplitude to find the energy levels of the potential in next section.
IV. SCATTERING AMPLITUDE AND ANALYTICAL PROPERTIES
According to the partial-wave method, the scattering amplitude is given by [11] 
where ℓ is the angular quantum number. In order to discuss the analytical properties of the scattering amplitude, we have to study the analytical properties of Γ(−A + 1/2 − ia 2 /ε) which can be done by using the definition of Gamma function
which means that the Gamma function has poles at z = 0, −1, −2, . . . in the complex plane.
Namely, the first-order poles of Γ(−A + 1/2 − ia 2 /ε) are situated at −A + 1/2 − ia 2 /ε = 0, −1, −2, . . . = −n, n = 0, 1, 2, . . .. At the poles of phase shifts, the energy levels are given
which is exactly the energy equation of the bound states [5] . 1 F 1 −n; 1 − 2A;
which should be satisfied the normalization condition ∞ 0 |R(r)| 2 r 2 dr = 1. In order to find the normalization constant, we use the relation between the confluent hypergeometric functions and the generalized Laguerre polynomials [9] 1 F 1 (−n; κ + 1;
and the following recurrence relation between the generalized Laguerre polynomials [12] 
We find the normalization constant for the bound state solutions as
where used the orthogonality relation of the generalized Laguerre polynomials [9] ∞ 0
Finally we obtain the normalized radial wave functions for the Mie-type potential as
which is consistent with the earlier results obtained in literature [5] . 
